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takes integer values only.
In the Cartan representation, the [U(1)]
N 1












































































) is the dual gauge eld and 
ij
the complex-scalar monopole eld which has
N (N   1)=2 components. For the potential of the monopole eld we adopt the most simple form which is able to






















, which leads to the violation of the dual Abelian Bianchi identity. The characteristic













, is the Ginzburg-Landau parameter which classies the type of the vacuum:  < 1
(type-I) and  > 1 (type-II).





appearing in (2.3) can be rewritten in a way lined up with the components of

























































































Now, the dual gauge eld consists of N (N   1)=2 components which parallels the monopole eld. Reecting the
fact that the N (N   1)=2 root vectors are not all independent, the dual gauge eld has to satisfy several constraints











































































Clearly, this form is symmetric under the exchange of the color labels i or j. This is the extension of our previous work
[16] from SU(3) to SU(N ). Apart from the existing constraints, the action takes the form of a sum of N (N   1)=2




























(i = 1; 2; : : : ; N and j = i + 1; : : : ; N ): (2.10)
However, this does not imply an increase of symmetry. The remaining constraints among the dual gauge elds express
the fact that the dual gauge symmetry remains [U(1)]
N 1
. The number of constraints is found to be N (N   1)=2 







III. THE GENERALIZED FLUX-TUBE SOLUTIONS
We are interested in the ux-tube solution to be obtained in this framework which is associated with external
color-electric charges belonging to some particular representation of SU(N ). The solution is provided by solving the






























































Written in terms of the coupling g
m
, each pair of the replicated eld equations has exactly the same form as in the
U(1) DGL theory for SU(N = 2). This is one of the advantages of this formulation. The ux-tube solution is induced
by the Dirac string singularity, where the eld proles have to behave so as to make the energy of the system nite.
























































Note that the square of this eld tensor leads to the interaction Lagrangian between the color-electric currents via the
Coulomb propagator. It means that this term gives the Coulomb potential for the static quark-antiquark system [31].
























Here both the regular part of the dual gauge eld B
reg
ij 
and the Coulomb term C
(e)
k 
does not contain any string
singularity, so that the dual eld strength tensor does not either. All the information concerning the string, for
instance its position or length, is now described by the singular part B
sing
k 




directly couples to the monopole eld 
ij
, one can nd the general boundary conditions; on the
string the modulus of the monopole eld should vanish j
ij
j = 0, while it takes the value of condensate j
ij
j ! v at













Let us consider the innitely long ux-tube system with cylindrical and translational symmetry along z axis, in
other words, we put a quark at x = y = 0 and z =  1 and an antiquark at x = y = 0 and z = 1. In this case we
can neglect the Coulomb term C
(e)
j 



























where ' denotes the azimuthal angle around the z axis. It is useful to note that, when the open ux-tube system is
considered, the phase of the monopole eld 
ij
is single-valued, which can be absorbed in the regular part of the dual





















































; : : : ; n
(e)
N
g depends on the representation to
which the color-electric charges placed at the ends of the ux tube belong [32]. Paying attention to the highest weight




; : : : ; p
N 1
], we







































































































) = 0 : (3.14)



























= v as r!1 : (3.15)




other words, if n
(m)
ij









IV. THE GENERALIZED STRING TENSION
The energy of the system is, in general, given by the spatial integration of the energy-momentum tensor. Starting
from this, we can specify the string tension as the energy of the ux tube per unit length. In the system with





















































































































































= 2; or Ng
2
= 4; (4.3)











































= 0 : (4.5)










































where the nal equality holds in view of the relation between the winding numbers and the Dynkin index (3.12). This
is the main result of this paper. The string tension in the fundamental representation 
F
























= 2 for arbitrary gauge group SU(N ). We nd that the string tension is
proportional to the number of color-electric Dirac strings inside the ux-tube, n
(m)
ij
. It means that the ux counting
rule for the string tension is realized. This is a good starting point for considerations in the type-I ( < 1) or type-II
( > 1) dual superconducting vacuum, where the string tension deviates from the ux counting rule, due to the
manifest interaction between the dual gauge eld and the monopole eld, in the sense that the corrections will be
under control.

















for the gauge groups SU(2), SU(3), SU(4), and SU(6). In comparison, we also plot the corresponding ratio between





Appendix A). At glance, one nds that the ratio d
D
tends to approach the Casimir ratio in the large N limit. This
will become clearer in the Appendix A, where we observe that the leading contribution to the ratio of eigenvalues of














which coincides with Eq. (4.7).
It is amusing to note that if one evaluates the eigenvalues of quadratic Casimir operator only from o-diagonal





















Here only induced diagonal generators, appearing through the commutation relations among o-diagonal generators






(F ) exactly reproduces Eq. (4.7). Since the DGL theory
is based on the Abelian projection scheme, where the non-diagonal part of the non-Abelian gauge eld is absent, one
might be misled to expect that the string tension of the ux tube in this approach scales exclusively with the square
of the original diagonal generators. The result shows, however, that this consideration is too naive. The ux tube
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6 15 20 35 21 70 105 189 105 210 175 120 56 384 540 210 336 840 1050 420 896 840 1176 19601176 490 1470 980
[1, 0, 0, 0, 0]
[0, 1, 0, 0, 0]
[0, 0, 1, 0, 0]
[1, 0, 0, 0, 1]
[2, 0, 0, 0, 0]
[1, 1, 0, 0, 0]
[1, 0, 1, 0, 0]
[0, 1, 0, 1, 0]
[0, 2, 0, 0, 0]
[0, 1, 1, 0, 0]
[0, 0, 2, 0, 0]
[2, 0, 0, 0, 1]
[3, 0, 0, 0, 0]
[1, 1, 0, 0, 1]
[1, 0, 1, 0, 1]
[2, 1, 0, 0, 0]
[2, 0, 1, 0, 0]
[1, 1, 0, 1, 0]
[1, 0, 1, 1, 0]
[1, 2, 0, 0, 0]
[1, 1, 1, 0, 0]
[1, 0, 2, 0, 0]
[0, 2, 0, 1, 0]
[0, 1, 1, 1, 0]
[0, 2, 1, 0, 0]
[0, 3, 0, 0, 0]
[0, 1, 2, 0, 0]
[0, 0, 3, 0, 0]






, at the Bogomol'nyi limit  = 1 (crosses)
associated with color-electric charges in various D-dimensional representations in SU(2), SU(3), SU(4), and SU(6). The ratio




; : : : ; p
N 1
] denote
the dimension and the Dynkin indices of each representation, respectively.
V. SUMMARY
We have formulated the [U(1)]
N 1
dual Ginzburg-Landau (DGL) theory as a low-energy eective theory of Abelian-
projected SU(N ) gauge theory within a manifestly Weyl symmetric procedure. This leads to a Lagrangian density
which corresponds to the sum of N (N   1)=2 types of U(1) dual Abelian Higgs models with (N   2)(N   1)=2
constraints among the dual gauge elds. We have calculated the string tensions of the ux-tube solution associated
with static charges in various D-dimensional representations for SU(N ). This is analytically possible at the transition
point from a type-I to type-II superconducting vacuum, also known as the Bogomol'nyi limit ( = 1). We have shown







the ratio of eigenvalues of the quadratic Casimir operators, we have found that the ux-tube in the DGL theory
mainly carries the information of induced diagonal generators rather than that of the original diagonal ones. This






(F ) in the large N limit.
In this paper we have concentrated on the Bogomol'nyi limit. The actual type of the dual superconducting vacuum
is not determined yet, which is one of the longstanding problems in this scenario. Of course, nally it should be
determined directly from the non-Abelian gauge theory. The investigation of monopole dynamics based on lattice
simulations is a promising way for this purpose. In fact, such eorts for the SU(2) and the SU(3) cases are in
progress [22]. Once the vacuum parameters are found, it becomes interesting to compare the ratio of the string
tension of the ux tubes for arbitrary sources in the DGL theory, with observed lattice data [23, 24, 25, 26, 27] in the
non-Abelian theory.
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APPENDIX A: EIGENVALUE OF QUADRATIC CASIMIR OPERATOR
The eigenvalue of quadratic Casimir operator C
(2)
[D] for arbitrary dimensional representations in SU(N ) can be




; : : : ; p
N 1










































































































































































































These formulae can be obtained by paying attention to the highest weight state of the representation. As an example, it
is instructive to learn the derivation from the SU(2) case. Let the state which belongs toD-dimensional representation
be jDi and its highest weight state jD
max













on the highest weight, we get an eigenvalue p
1


















































This derivation is extended straightforwardly to the SU(3), SU(4), and SU(6) cases, which provides the above expres-
sions. The dimension D
N
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